We present a method for generating exact solutions of Einstein equations in vacuum using harmonic mal~, when the spacetime possesses two commuting K.iHing vectors. This method consists of writin K the axisymmetrlc stationary Einstein equations in vacuum as a harmonic map which belongs to the group SL(2t~), and decomposing it into its harmonic "suhmaps". This method provides a natural classification of the solutions in classes (Weyl's class, Lewis' class etc.).
INTRODUCTION
Stationary Einstein equations in terms of harmonic maps (HM) [1] are well-known. S~nchez [2] found that the stationary Einstein equations in electrovacuum are in fact HM, but that the corresponding differential equations are non-linear. Neugebauer and Kramer [3] showed that this HM has a Lax pairs-representation (equivalent linear problem) in terms of a HM which is an element of the group SU(2,1), i.e. axisymmetric stationary Einstein-Maxwell equations in potential space (Ernst potential space) are these equations [5] . It is also possible to give the empty Einstein equation in potential space in terms of HM if we reduce the group SU(2, 1) to SU(1,1). The isomorphism SU(1,1) ~ SL(2,~) allows us to give a representation of these equations in terms of the group SL(2, ~) [6] . Thus we can write the Einstein equations in vacuum as a SL(2,R) --HM in the spacetime, and in the potential space.
In this work, we will start from the HM representation of the axisymmetric stationary Einstein equations in vacuum, and develop a method for generating exact solutions. It consists of separating the group SL(2, ~) into its one-parametric subgroups and itself giving a representation of the HM, G : M 4 --* V v | R) in its tangent space (see Section 4 or Ref. 7). The result is that each subgroup corresponds to a well-known class of solutions, explaining why these classes exist.
One could also extend this analysis to the Einstein-MaxweU equations. It may be done in potential space [8] where the HM belongs to the group SU(2,1), but there is no HM representation in spacetime. Nevertheless, five-dimensional gravity admits a HM'representation for the stationary equations [9] . Both the spacetime and the potential space have a SL(3, ~) HM representation of the field equations [10] (see also Ref. 9) . Thus an analysis with harmonic "submaps" can be carried out [11, 12] .
This work aims to be self-contained. In Sections 2 and 3 we give the Einstein spacetime field equations in vacuum when the metric depends only on two coordinates. In Section 4 we briefly outline the stationary Einstein equations in potential space (Ernst potential). Section 5 is devoted to explaining the method of subgroups (harmonic "submaps") which will be applied in Section 6.
GENERALITIES
We consider a V4 manifold with two commuting Killing vectors and local coordinates {X ~} = (Xr,y~), with X r = (X1,X 2) being the "active" (and arbitrary) coordinates and FA ~ (yl, y2) playing the role of the "passive" coordinates (i.e., with 0/0y A being the two commuting Killing vectors). The metric can be given in the quasi-diagonalizable form V4 : g4 = grsdX r ~dX" -I-KABdy A @dy B.
(1)
The essential "Killingian" part of the metric is thus described by the three real objects KAB -~ KAB(X 1, X 2) ----K(AB).
(2)
